Wall to Wall Optimal Transport by Hassanzadeh, Pedram et al.
ar
X
iv
:1
30
9.
55
42
v2
  [
ph
ys
ics
.fl
u-
dy
n]
  1
4 A
pr
 20
14
Under consideration for publication in J. Fluid Mech. 1
Wall to Wall Optimal Transport
Pedram Hassanzadeh1†, Gregory P. Chini2, & Charles R. Doering3‡
1Department of Mechanical Engineering, University of California, Berkeley, CA 94720, USA
2Department of Mechanical Engineering, Program in Integrated Applied Mathematics, and
Center for Fluid Physics, University of New Hampshire, Durham, NH 03824, USA
3Department of Mathematics, Department of Physics, and Center for the Study of Complex
Systems, University of Michigan, Ann Arbor, Michigan 48109, USA
(Received ?; revised ?; accepted ?. - To be entered by editorial office)
The calculus of variations is employed to find steady divergence-free velocity fields that
maximize transport of a tracer between two parallel walls held at fixed concentration
for one of two constraints on flow strength: a fixed value of the kinetic energy (mean
square velocity) or a fixed value of the enstrophy (mean square vorticity). The optimiz-
ing flows consist of an array of (convection) cells of a particular aspect ratio Γ . We solve
the nonlinear Euler–Lagrange equations analytically for weak flows and numerically—
and via matched asymptotic analysis in the fixed energy case—for strong flows. We
report the results in terms of the Nusselt number Nu, a dimensionless measure of the
tracer transport, as a function of the Pe´clet number Pe, a dimensionless measure of
the strength of the flow. For both constraints the maximum transport NuMAX(Pe) is
realized in cells of decreasing aspect ratio Γopt(Pe) as Pe increases. For the fixed en-
ergy problem, NuMAX ∼ Pe and Γopt ∼ Pe−1/2, while for the fixed enstrophy sce-
nario, NuMAX ∼ Pe10/17 and Γopt ∼ Pe−0.36. We interpret our results in the context
of buoyancy-driven Rayleigh–Be´nard convection problems that satisfy the flow intensity
constraints, enabling us to investigate how the transport scalings compare with upper
bounds on Nu expressed as a function of the Rayleigh number Ra. For steady convec-
tion in porous media, corresponding to the fixed energy problem, we find NuMAX ∼ Ra
and Γopt ∼ Ra−1/2, while for steady convection in a pure fluid layer between stress-
free isothermal walls, corresponding to fixed enstrophy transport, NuMAX ∼ Ra5/12 and
Γopt ∼ Ra−1/4.
Key words:
1. Introduction
Transport and mixing by incompressible flows are ubiquitous phenomena in science and
engineering. In some applications, e.g., cooling or heating, the aim may be to maximize
transport of an advected and diffused quantity. In other problems, such as pollutant
spills, the goal may be to move a substance from one location to another as quickly as
possible while minimizing mixing. In some systems, naturally occurring or engineered,
the transported quantity is passive, moved by the fluid but not forcing the flow, while in
other situations, including thermal and compositional convection, it is active and drives
its own displacement.
† Current address: Center for the Environment and Department of Earth and Planetary
Sciences, Harvard University, Cambridge, MA 02139, hassanzadeh@fas.harvard.edu
‡ Email address for correspondence: doering@umich.edu
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In every case once the relevant equations of motions are agreed upon key theoretical
challenges include (1) qualitatively understanding the physical mechanisms of transport
and mixing in the mathematical model, (2) quantitatively estimating the magnitude
and/or efficiency of these processes as functions of initial and boundary conditions, source
and sink distributions, and/or applied forces, (3) determining fundamental limits on the
transport and/or mixing effectiveness of relevant classes of fluid flows in terms of rigorous
bounds, and (4) understanding how such limits might be approached, or even achieved.
The topic of maximal transport has played a significant role in theoretical and mathe-
matical fluid mechanics at least since Malkus (1954) raised the question of limits on heat
transfer in thermal convection 60 years ago. Indeed, Malkus’ speculation that convective
turbulence might optimize heat transport inspired Howard (1963) to derive upper bounds
on heat transport in Rayleigh-Be´nard convection from the Boussinesq approximation to
the Navier-Stokes equations. His approach combined the connection between bulk aver-
aged convective heat flux and turbulent energy dissipation, a mild statistical hypothesis,
and a clever variational analysis to produce the first effective rigorous limits on turbulent
transport. Howard’s variational problem was soon subjected to sophisticated asymptotic
analysis by Busse (1969), and was generalized to derive limits on momentum transport in
shear flows (Nickerson 1969; Busse 1970), thermal convection in a fluid saturated porous
layer (Busse & Joseph 1972; Gupta & Joseph 1973), and, later, aspects of passive tracer
transport in shear-driven turbulence (Krommes & Smith 1987).
An alternative variational formulation for extremes of heat and momentum transport
in boundary-driven flows was introduced over two decades ago by Doering & Constantin
(1992, 1994, 1996). In some scenarios this so-called ‘background method’ reproduces the
mathematical estimates following from Howard’s approach (Kerswell 1998), but it has
also produced a steady stream of original results for systems including turbulent pre-
cession (Kerswell 1996), shear and stress driven flows (Doering et al. 2000; Tang et al.
2004; Hagstrom & Doering 2010, 2014), turbulent mixing (Caulfield & Kerswell 2001;
Tang et al. 2009), and a variety of buoyancy driven flows (Siggers et al. 2004; Doering et al.
2006; Whitehead & Doering 2011) including Rayleigh-Be´nard convection in a fluid satu-
rated porous layer (Doering & Constantin 1998; Wen et al. 2013).
A distinct mathematical strategy applicable to body force–rather than boundary–
driven flows was proposed a dozen years ago by Doering & Foias (2002) and subsequently
used to produce turbulent energy dissipation rate bounds for a variety of Navier-Stokes
flows (Doering et al. 2003; Petrov et al. 2005; Cheskidov et al. 2007; Rollin et al. 2011).
That approach was also generalized to deduce limits on passive tracer mixing as measured
by the suppression of tracer concentration variance (and other norms) in the presence
of scalar sources and sinks; see, for example, Thiffeault et al. (2004), Plasting & Young
(2006), Shaw et al. (2007), and Okabe et al. (2008).
In active transport problems, the maximally transporting ‘optimal’ flows produced
by bounding analyses are normally not solutions of the underlying equations of motion
for the fluid. The bounding methods mentioned above involve extremizing transport or
dissipation over a larger set of flows, a superset of the solutions sharing certain features
including incompressibility, boundary conditions, and a selection of suitably averaged
energy, momentum, and/or other bulk balances. Of course the precision of a bound may
be questioned if the optimizing flow is not realized as an exact solution of the equations of
motion.† Nevertheless, such optimal flows provide insight into the structure of maximally
effective modes of transport whether or not they are naturally realizable.
† The high Reynolds number scaling of a dissipation rate bound is known to be sharp, realized
by an exact solution of the Navier-Stokes equations, in at least one case (Doering et al. 2000).
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Several researchers recently formulated some maximal transient mixing models as op-
timal control problems. The idea here is to determine, from within a specified class of
admissible flows, those stirring protocols that extremize an appropriate measure of mixing
at a specific instant of time, or its rate of change as a function of time; see, for exam-
ple, D’Alessandro et al. (1999), Mathew et al. (2007), Cortelezzi et al. (2008), Lin et al.
(2011), and Gubanov & Cortelezzi (2010, 2012). Constraints on the admissible class of
flows include incompressibility and boundary conditions, a limit (of some sort) on flow
intensity, and possibly other structural restrictions. Although the flows are not required
a priori to solve any particular physical equations of motion, any such divergence-free
velocity field can formally be considered a solution of the incompressible Stokes, Navier-
Stokes, or even Euler equations satisfying their boundary conditions subjected to suitable
body forces. The realizability issue is then an ‘engineering’ challenge to implement the
body forces that generate the desired flow. Again, whether or not it is practical or even
possible to design such a system, the optimal flows provide physical insight into the
mechanics of mixing and the rigorous bounds provide a concrete target to strive for.
These three score years of study serve as the context and provide the inspiration and
motivation for the research reported in this paper. As a natural next step along this line
of investigation, we address two general and generic questions:
• What is the maximum rate at which a tracer (a scalar concentration that we will
refer to as temperature) can be transported by divergence-free velocity fields satisfying
some given boundary conditions and flow intensity constraints?
• What does the optimizing velocity field look like?
The precise problem we pose is a combination of the continuing challenge to derive
sharp bounds on heat transport in Rayleigh-Be´nard convection and a precursor to an
optimal control approach to transport problems in Navier-Stokes flows. The conditions
and constraints considered here are (i) that the flow is confined between two imper-
meable parallel boundaries and is endowed with a specified root mean square speed or
vorticity, and (ii) that the concentration of the tracer is constant on each boundary,
i.e., the boundaries are isothermal. For simplicity we restrict attention to steady flows
in two spatial dimensions. We do not require the incompressible velocity field to satisfy
any familiar momentum equation (e.g., for motion driven by the buoyancy force) but
only a suitable bulk amplitude constraint which, after the fact, may be interpreted in
terms of well-known dissipation-transport balances (e.g., for classical Rayleigh-Be´nard
convection). Unlike prior approaches to deriving rigorous bounds, however, in this anal-
ysis the full advection–diffusion equation for the transported scalar field is enforced as a
constraint.
In the following section we present the full formulation of the problem. Subsequently in
sections 3 and 4 we analyze the problem with, respectively, the fixed energy (mean square
speed) and fixed enstrophy (mean square vorticity) constraints on stirring strength. We
then employ the calculus of variations to maximize the relevant transport, a functional of
the flow, subject to the relevant constraints. The nonlinear Euler–Lagrange equations are
linearized for weak flows and solved analytically, and for stronger flows we solve the Euler–
Lagrange equations using numerical continuation. Exploiting observed symmetries, we
solve the Euler–Lagrange equations via matched asymptotic analysis in the fixed energy
case. The maximal transport obtained thereby serves as an upper bound for problems
that share the boundary conditions and flow intensity constraints. We compare these
results for relevant Rayleigh–Be´nard problems: convection in a fluid saturated porous
layer (fixed energy) and convection in a Boussinesq fluid with stress-free boundaries
(fixed enstrophy). The concluding section 5 includes a discussion of future work utilizing
this and related approaches to study extreme behavior in fluid dynamical systems.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.
2. Mathematical Formulation
We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-diffusion equation
T˙ + v · ∇T = κ∆T, (2.1)
where T˙ = ∂T/∂t, ∆ = ∂2/∂x2 + ∂2/∂z2, κ is the (constant) thermal diffusivity of the
fluid, and v(x, z, t) = uxˆ+ wzˆ is an incompressible flow field, i.e.,
∇ · v = 0. (2.2)
The geometry of the problem is shown in figure 1. The domain D = [0, L] × [0, h] is
bounded by two parallel impermeable walls held at fixed temperatures. Respecting tra-
dition we align the walls horizontally in the x direction separated by distance h in the
vertical z direction. All system variables are periodic in the x direction with horizontal
period L.
We consider velocity fields that have either fixed mean squared speed
U2 =
1
hL
∫
D
|v|2 dxdz, (2.3)
or fixed enstrophy density
Ω2 =
1
hL
∫
D
|ω|2 dxdz = 1
hL
∫
D
|∇v|2 dxdz, (2.4)
where ω = ∇ × v is the vorticity and |∇v|2 = ∇v : ∇v. The second equality in (2.4)
follows for many boundary conditions on impermeable horizontal boundaries including
no-slip or stress-free conditions.† The physical significance of the second expression is
that, when multiplied by viscosity, it yields the viscous energy dissipation rate for New-
tonian fluids in these domains. Hence the enstrophy constraint is natural to consider in
situations where a power budget limits the strength of the flow in a viscous fluid.
We non-dimensionalize the system using the spacing between the walls h and the
diffusion time scale h2/κ. The dimensionless temperature is naturally (T −Tt)/(Tb−Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pec´let
number Pe, measuring the relative strength of the flow, is the ratio of the diffusive time
† By ’stress-free’ we mean homogeneous Neumann boundary conditions on the tangential
velocity component (∂u/∂z = 0) corresponding to stress-free boundaries for Newtonian fluids.
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scale to the advective time scale (i.e., a measure of the strength of advection relative to
diffusion). For the problem with fixed energy we define
Pe ≡ Uh
κ
, (2.5)
or for the problem with fixed enstrophy
Pe ≡ Ωh
2
κ
. (2.6)
We also define the aspect ratio
Γ ≡ L
2h
, (2.7)
the normalized width of a single convection cell associated with the optimal flow (see, e.g.,
figure 2). In the absence of advection (when v = 0) the transport is purely conductive with
steady dimensionless temperature field 1− z so we define the dimensionless temperature
deviation variable θ ≡ (T − Tt)/(Tb − Tt) − 1 + z which vanishes on the boundaries.
Hereafter all variables (i.e., v, T , θ, x, z, t) are dimensionless.
Non-dimensionalizing equations (2.1)–(2.2) and the boundary conditions yields
θ˙ + v · ∇θ = ∆θ + w, (2.8)
∇ · v = 0, (2.9)
θ(x, 0, t) = θ(x, 1, t) = 0, (2.10)
w(x, 0, t) = w(x, 1, t) = 0. (2.11)
Define the long time-space average by angle brackets 〈·〉:
〈a(x, z, t)〉 ≡ lim
t→∞
1
t
∫ t
0
{
1
2Γ
∫
D
a(x, z, s) dxdz
}
ds. (2.12)
The fixed energy constraint (2.3) is then
Pe2 =
〈|v|2〉 , (2.13)
while the fixed enstrophy constraint (2.4) is
Pe2 =
〈|∇v|2〉 . (2.14)
The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so
Nu = 1 + 〈wT 〉 = 1 + 〈wθ〉 . (2.15)
Note that 〈w f(·)〉 = 0 for any f(z) as a result of incompressibility and the boundary
conditions.
2.1. Objective
With the strength of advection gauged by Pe, the geometry of the flow parameterized by
Γ , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:
1) Search over all steady divergence-free velocity fields v with given (Pe, Γ ) that satisfy
(2.11) to find the maximum possible value of Nu in (2.15), noting that v, (2.8) and (2.10)
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uniquely determine a steady-state θ(x, z). This maximum is denoted
Numax(Pe, Γ ) ≡ sup
v
{Nu(v)}. (2.16)
2) For the same Pe, step 1 may be repeated for various values of Γ . For each value of
Pe the largest value of Numax(Pe, Γ ) will be called
NuMAX(Pe) ≡ sup
Γ
{Numax(Pe, Γ )}. (2.17)
3) And for each value of Pe, the Γ from step 2 that realizes NuMAX is dubbed the
optimal aspect ratio and denoted Γopt(Pe). That is, NuMAX(Pe) = Numax(Pe, Γopt(Pe)).
The time (in)dependence of the flow merits further discussion. The effect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e., by considering v = v(x, z, t). Such
an analysis is a problem of optimal control theory and is left for the future. Here we focus
on steady flows (i.e., v = v(x, z)) and use calculus of variations to carry out step 1.
3. Optimal Transport with Fixed Energy
The steady-state fixed energy system, equations (2.8)–(2.11) and (2.13), is
v · ∇θ = ∆θ + w, (3.1)
∇ · v = 0, (3.2)
Pe2 =
〈|v|2〉 , (3.3)
θ(x, 0) = θ(x, 1) = 0, (3.4)
w(x, 0) = w(x, 1) = 0. (3.5)
Before solving this system we note that a simple analysis yields a rigorous a priori
upper bound on Nu. Starting from (2.15), recalling the Cauchy–Schwarz inequality and
remembering that the maximum principle assures 0 6 T 6 1 so |T − 1/2| 6 1/2,
Nu = 1 + 〈wT 〉 = 1 + 〈w(T − 1/2)〉
6 1 +
〈
w2
〉1/2 〈
(T − 1/2)2〉1/2
6 1 +
〈|v|2〉1/2
2
= 1 +
Pe
2
. (3.6)
3.1. Variational Formulation for Steady Flows
The variational problem to maximize Nu = 1 + 〈θw〉 given constraints (3.1)–(3.3) and
boundary conditions (3.4)–(3.5) is to extremize the functional
F =
〈
wθ − φ(x, z) (v · ∇θ −∆θ − w) + p(x, z) (∇ · v)− µ
2
(|v|2 − Pe2)〉 (3.7)
where φ(x, z), p(x, z), and µ are Lagrange multipliers; φ and p are functions of x and z
to enforce the differential constraints (3.1) and (3.2) point wise in space while µ is a real
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number. The Euler-Lagrange equations are
0 =
δF
δv
= (θ + φ) zˆ + θ∇φ−∇p− µv, (3.8)
0 =
δF
δθ
= v · ∇φ+∆φ + w, (3.9)
0 =
δF
δφ
= −v · ∇θ +∆θ + w, (3.10)
0 =
δF
δp
=∇ · v, (3.11)
0 =
∂F
∂µ
=
1
2
(
Pe2 − 〈|v|2〉) . (3.12)
In deriving (3.9) the natural boundary conditions that φ vanishes at z = 0 and z = 1
were employed to eliminate a surface term arising from the integration by parts of φ∆θ.
Therefore, the boundary conditions accompanying these partial differential equations are
w(x, 0) = w(x, 1) = 0, (3.13)
θ(x, 0) = θ(x, 1) = 0, (3.14)
φ(x, 0) = φ(x, 1) = 0. (3.15)
Note that the +θ∇φ term is equivalent to −φ∇θ in (3.8), the difference being a perfect
gradient that can be absorbed into ∇p.
Equations (3.8) and (3.10)–(3.11) exhibit certain similarities with those governing
steady Rayleigh–Be´nard convection in a fluid saturated porous layer at infinite Prandtl–
Darcy number (see, e.g., Doering & Constantin 1998). But here an extra scalar, the
Lagrange multiplier or “adjoint” field φ, enters the problem. This resemblance, which
will also be observed in the linear analysis in the next section, will be discussed further
in §3.5.
3.2. The Limit of Small Pe: Asymptotic Solution
In the limit of small Pe the flow field |v| ≪ 1 (at least in the L2 sense) which, along with
(3.9)–(3.10) and the maximum principle, implies that |θ| ≪ 1 and |φ| ≪ 1. Therefore, in
this limit we can linearize equations (3.8)–(3.10) to obtain the system
µv +∇p = (θ + φ)zˆ, (3.16)
∆φ+ w = 0, (3.17)
∆θ + w = 0, (3.18)
∇ · v = 0. (3.19)
Subtracting (3.18) from (3.17) and using (3.14)–(3.15) then yields θ = φ. Taking the
z-component of the double-curl of (3.16) and using (3.19) we deduce
µ∆w = 2 θxx (3.20)
where, as usual, the x subscript indicates the partial derivative.
Equations (3.18)–(3.20) and boundary conditions (3.13)–(3.14) can be solved analyti-
cally in this small–Pe limit. Indeed, Fourier transforming in the x direction, (3.18) and
(3.20) become
(D2z − k2) θˆk(z) + wˆk(z) = 0, (3.21)
µ(D2z − k2) wˆk(z) + 2k2 θˆk(z) = 0, (3.22)
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where Dz = d/dz and wˆk(z) and θˆk(z) are the Fourier coefficients of w and θ with
horizontal (dimensionless) wavenumber k ≡ pi/Γ . The solution is
wˆk(z) = Ak sin (mpiz), (3.23)
θˆk(z) = Bk sin (mpiz), (3.24)
where m is the vertical (dimensionless) wavenumber, and Ak and Bk are still undeter-
mined. Substituting into (3.21) and (3.22) gives
µ = (2 k2)/(m2pi2 + k2)2, (3.25)
Ak = (m
2
pi
2 + k2)Bk. (3.26)
Using equation (3.19),
uˆk(z) = i
mpi
k
Ak cos (mpiz). (3.27)
Substituting (3.27) and (3.23) into (3.12) yields
〈|v|2〉 = (A2k + m2pi2k2 A2k
)
= Pe2 ⇒ Ak = k
(m2pi2 + k2)1/2
Pe (3.28)
which, along with (3.26), gives
Bk =
k
(m2pi2 + k2)3/2
Pe. (3.29)
Knowing Ak and Bk, Nu is obtained from (2.15):
Nu = 1+ AkBk = 1 +
k2
(m2pi2 + k2)2
Pe2. (3.30)
Then for a given parameter set (Pe, Γ = pi/k), Nu is maximized at m = 1. As a result,
using the notation defined in §2.1,
Numax(Pe, Γ ) = 1 +
Γ 2
pi2(Γ 2 + 1)2
Pe2. (3.31)
The largest value of Numax(Pe, Γ ), i.e., NuMAX, is achieved at Γopt = 1:
NuMAX(Pe) = 1 +
Pe2
4pi2
. (3.32)
Note that (k,m) = (pi, 1) corresponds to the maximum value of µ = 1/(2pi)2 (see (3.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
an array of square convection cells (rolls) with optimal aspect ratio Γopt = 1. Figure 2
shows this flow field where the square convection cells are clearly seen. This solution is
identical to the first unstable mode at onset for Rayleigh–Be´nard convection in a fluid
saturated porous media (Doering & Constantin 1998). Additionally, we note (and discuss
further in §3.5) that the factor 4pi2 arising in (3.32) is the critical Ra for the instability.
3.3. Small to Large Pe: Numerical Solution
For Pe > O(1), the full nonlinear system (3.8)–(3.11) must be solved. Defining the stream
function ψ by u = ∂ψ/∂z and w = −∂ψ/∂x, equations (3.8)–(3.11) reduce to
J(θ, φ) + µ∆ψ + (θ + φ)x = 0, (3.33)
−J(ψ, φ) + ∆φ− ψx = 0, (3.34)
−J(ψ, θ)−∆θ + ψx = 0, (3.35)
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Figure 2. Optimal flow field in the small–Pe limit for the fixed energy problem:
(a) streamlines ψ, (b) temperature θ.
where J(a, b) = ∂a∂x
∂b
∂z − ∂a∂z ∂b∂x . The boundary conditions (3.13)–(3.15) become
ψ(x, 0) = ψ(x, 1) = 0, (3.36)
θ(x, 0) = θ(x, 1) = 0, (3.37)
φ(x, 0) = φ(x, 1) = 0. (3.38)
These equations and boundary conditions imply an interesting symmetry between θ and
φ that will be exposed in the numerical results and exploited later to obtain asymptotic
solutions for large Pe.
3.3.1. Numerical Continuation
Numerical continuation is a strategy to systematically trace a branch of solutions
starting from an initial iterate (Boyd 2001, Appx. D). In the problem considered here
the solutions are known analytically in the limit of small Pe (i.e., large µ) for given
values of Γ (§3.2). These solutions provide suitable initial guesses for solutions at larger
values of Pe (i.e., smaller µ), which are computed numerically according to the following
continuation algorithm:
1) Start from the analytical solution for large µ for a given value of Γ .
2) Incrementally reduce µ such that, at iteration N + 1, µN+1 is set to be 0.1%–
5% smaller than µN . Use the solution at iteration N (with µN ) as the initial guess to
iteratively compute the new solution at iteration N + 1 (with µN+1).
3) Using the converged solution from step 2, calculate Pe(µN+1, Γ ) andNumax(µ
N+1, Γ )
from the relations
Pe2 =
〈
ψ2x + ψ
2
z
〉
, (3.39)
Numax = 1− 〈ψxθ〉 . (3.40)
4) Repeat steps 2 and 3 reducing µ (and increasing Pe) by several orders of magnitude.
5) Repeat steps 1–4 for a variety of values of Γ .
This procedure produces Numax(Pe, Γ ) for a wide range of Pe and Γ . Note that in
step 1 the vertical wavenumber m must be chosen for the linear solution. Empirically,
we find that NuMAX always emerges from solutions continued from linear solutions with
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z = +0.5
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x
Figure 3. The fixed energy problem: the geometry and boundary conditions of the computa-
tional domain corresponding to a single two-dimensional (convection) cell. Boundary conditions
on the bottom (left) boundary are the same as the top (right) boundary.
m = 1. Therefore, for most cases we set m = 1, although cases with m = 2 and linearly
superposed solutions with different values of m were also studied (see §3.3.3). The per-
centage reduction of µ in step 2 depends on the degree of nonlinearity of the problem:
not unexpectedly, µ must be varied more slowly as Pe increases.
3.3.2. Numerical Method
In this section we present details of the iterative numerical method used in step 2 of
the continuation algorithm. Specifically, we use a Newton–Kantorovich iteration scheme
(Boyd 2001, Appx. C) with a pseudospectral Chebyshev collocation method (Trefethen
2001; Boyd 2001) to solve (3.33)–(3.35). Instead of solving these equations in a large
horizontally periodic domain including multiple cells (e.g. as shown in figure 2a), we
choose the computational domain to include only a single cell (figure 3). This unicellular
approach has been successfully used to study other, related problems, including Rayleigh–
Be´nard convection in pure fluids (Chini & Cox 2009) and in porous media (Corson 2011).
In this configuration symmetry boundary conditions are imposed on the vertical sides of
the domain at x = ±Γ/2. Note that in the computational domain the horizontal walls are
located at z = ±0.5 (rather than at z = 0, 1, as before) for convenience since Chebyshev
polynomials are employed.
The Newton–Kantorovich method used in step 2 of the continuation algorithm (§3.3.1)
is implemented as follows. The known solution at the Nth iterate (ψN , θN , φN ) is used
as a first guess to iteratively approximate the true solution at the (N + 1)th iteration
(ψN+1, θN+1, φN+1). Taylor expanding (3.33)–(3.35) about (ψN , θN , φN ), defining “δ” of
any quantity as the difference between its value at iterations N+1 and N , and neglecting
higher-order terms, we obtain the system of three linear differential equations (A 10)–
(A 12) given in Appendix A. Applying a pseudospectral Chebyshev collocation method
in both the x and z directions yields the following linear matrix equation:
 µ∆ (I + φNz )Dx − φNx Dz (I − θNz )Dx + θNx Dz−(I − θNz )Dx − θNx Dz ∆−ψNz Dx +ψNx Dz O
−(I + φNz )Dx + φNx Dz O ∆+ψNz Dx −ψNx Dz



δψδθ
δφ


=

−µ∆ψN − (I + φNz )θNx − (I − θNz )φNx−∆θN + (I − θNz )ψNx +ψNz θNx
−∆φN + (I + φNz )ψNx −ψNz φNx

 ,(3.41)
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where I and O are M2 × M2 identity and zero matrices, respectively, and M is the
number of collocation grid points. Dx and Dz are the x and z differentiation matrices,
and ∆ = Dxx + Dzz. These M
2 ×M2 matrices are constructed using tensor products
(a.k.a. Kronecker products) as described in detail in Trefethen (2001). ψ, θ, and φ are
vectors of length M2. The boundary conditions are implemented by modifying the rows
corresponding to the boundary grid points in the coefficient matrix and the right-hand
side matrix in (3.41).
A MATLAB code was developed to construct the elements of the matrices in (3.41)
and to solve the linear algebraic system by direct matrix inversion. Once δψ, δθ, and δφ
are calculated, the solution is updated by setting (·)N+1 = (·)N+δ(·). The iterations stop
when δ(·)/‖(·)‖∞ 6 10−10 for all three variables ψ, θ, and φ. Finally, Clenshaw–Curtis
quadrature (Trefethen 2001) is used for all spatial integrations, for example to calculate
Pe2 from (3.39) and Numax from (3.40).
3.3.3. Numerical Results
The results presented here usedM = 61 or 91. The iterative solution always converged
in less than 6 iterations. Figure 4 shows ψ and θ for Γ = 1 and increasing values of Pe.
The flow shown in figures 4a and 4b is still in the linear regime. The bulk flow structure
changes and boundary layers emerge in both ψ and θ as Pe increases (figures 4c–4f).
Figure 5 is a plot of Numax(Pe, Γ ) for several values of Γ . This figure exhibits a
number of interesting features. Firstly, Numax agrees with (3.31) in the limit of small Pe,
which serves to some extent as a benchmark for the code. Moreover, the absolute upper
bound (3.6) quantitatively overestimates the maximum possible high Pe´clet number heat
transport only by anO(1) factor: it captures the correct high Pe´clet number linear scaling.
It also shows that NuMAX(Pe) is obtained from solutions continued from linear solutions
withm = 1. This is not unexpected because flows withm > 1 include horizontal transport
in the bulk far from the boundaries, which evidently is not an efficient use of the available
energy.†
Figure 5 also suggests that Numax scales as K(Γ )Pe
2/3 as Pe increases, and that
NuMAX is obtained by flows with smaller Γ as Pe increases. The ensemble of Numax
plotted against Pe for different values of Γ forms an envelope that determines NuMAX,
and the numerical results suggest that NuMAX → C Pe where C is an absolute constant
prefactor. The prefactors K(Γ ) and C can, of course, be determined from the numerical
results but this proves unnecessary because, guided by the numerics, we are able to
obtain asymptotic solutions of (3.33)–(3.35), and hence analytical expressions for Numax,
NuMAX, and Γopt, in the limit of large Pe in §3.4. (The analytically derived NuMAX,
given in (3.93), is also plotted in figure 5 and is seen to agree very well with the envelope
produced by the numerical results.)
3.4. The Large–Pe Asymptotic Solution
The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of
Hassanzadeh 2012) display some striking features: ψ is nearly independent of z in the
bulk and depends on x as cos (pix/Γ ) in both the bulk and boundary layers. And while
θ and φ do not have such simple structure in the bulk or boundary layers, the variables
ξ(x, z) ≡ φ(x, z) + θ(x, z), (3.42)
η(x, z) ≡ θ(x, z)− φ(x, z) (3.43)
† Indeed, we computed several cases with m > 1 as well as a few cases continuing from
superposed solutions of two m (only one case is shown in this figure) and they all confirmed this
conclusion.
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Figure 4. Evolution of the flow fields with Pe for the case with Γ = 1. Panels on the left show
ψ and panels on the right show θ. (a) and (b) Pe = 10.0, Numax = 2.4; (c) and (d) Pe = 59.4,
Numax = 9.7; (e) and (f) Pe = 161.3, Numax = 20.7. The resolution is 61
2.
do: ξ (like ψ) is nearly independent of z except close to the top and bottom boundaries
and η is only a function of z everywhere (see figure 6). This observation suggests formu-
lating equations for (ψ, ξ, η) and using matched asymptotic analysis to solve the resulting
equations in the large–Pe limit.
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Figure 5. The numerically obtained Numax as a function of Pe for various values of Γ (non-black
lines). The labels show (Γ,m). For each case, the (short) dashed line of the same color, visible
for most cases, shows the analytical Numax given in (3.31) in the small–Pe limit. The thick
black solid line shows the absolute upper bound (3.6), and the thick black dashed line shows
the analytically obtained NuMAX given in (3.93), which is derived in the large–Pe limit. The
thin black dashed line indicates the Pe2/3 slope. Cases with Γ > 1 or m > 1 (green lines) do
not produce NuMAX. All results shown here have resolution M = 61. Using a higher resolution
M = 91 results in negligible changes to the plot.
Equations (3.33)–(3.35) imply that the equations for ψ, ξ, and η are
− J(ξ, η) + 2µ∆ψ + 2ξx = 0, (3.44)
J(ψ, ξ) + ∆η = 0, (3.45)
J(ψ, η) + ∆ξ − 2ψx = 0. (3.46)
The computational results suggest the ansatzen
ψ = ψ¯(x) A
(
1/2 + z
δ
)
A
(
1/2− z
δ
)
, (3.47)
ξ = ξ¯(x) B
(
1/2 + z
δ
)
B
(
1/2− z
δ
)
, (3.48)
η = η¯(z) C
(
1/2 + z
δ
)
C
(
1/2− z
δ
)
, (3.49)
where δ denotes the boundary layer thickness.† The overbar indicates interior solution,
i.e., the outer solutions far from the top and bottom boundary layers. The boundary layer
functions A(Z), B(Z), and C(Z) are the inner solutions that vanish at the boundaries
Z = 0 and approach unity in the interior where Z ≫ 1.
† We introduce a single boundary layer scale here; we originally allowed for three independent
boundary layer thicknesses but later deduced that they are, in fact, identical (Hassanzadeh 2012,
pp. 19–20).
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Figure 6. Flow field for Γ = 1, µ = 3.557 × 10−5, Pe = 1320.5, and Numax = 90.7. (a) ψ,
(b) ψ along x = 0, (c) θ, (d) φ, (e) ξ ≡ θ + φ, and (f) η ≡ θ − φ. The resolution is 612.
3.4.1. Interior Solution
Inserting (3.47)–(3.49) into (3.44)–(3.46) and setting A = B = C = 1 yields
2µ ψ¯xx + (2 − η¯z) ξ¯x = 0, (3.50)
η¯zz = 0, (3.51)
ξ¯xx + (η¯z − 2)ψ¯x = 0. (3.52)
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Equation (3.51) implies that η¯ is an affine function of z which could also be inferred from
(3.50) and (3.52) since ψ¯ and ξ¯ are only functions of x. The symmetry of the solution
with respect to reflection about z = 0 implies
η¯(z) = η¯o z, (3.53)
where η¯o is to be determined.
Eliminating ψ¯ between (3.50) and (3.52) gives
ξ¯xxx +
(
η¯o − 2√
2µ
)2
ξ¯x = 0. (3.54)
Periodicity with period 2Γ in x together with ξx(±Γ/2, z) = 0 implies
ξ¯ = ±ξ¯o sin (pix/Γ ), (3.55)
and
η¯o = 2− pi
Γ
√
2µ, (3.56)
where ξ¯o > 0 is another yet-to-be determined constant. Another possible solution, η¯o =
2 + (pi/Γ )
√
2µ > 2, is discarded in light of the numerical results. Moreover, in §3.4.3 it
will be seen that η¯o 6 2 because of the maximum principle, confirming that (3.56) is the
only admissible solution.
Equation (3.52) then yields
ψ¯ =
±ξ¯o√
2µ
cos (pix/Γ ) (3.57)
so that the interior fields (i.e., the outer solutions) are known up to the one undetermined
constant ξ¯o. (Notice that in (3.55) and (3.57) either −ξ¯o or +ξ¯o should be chosen for both
ψ¯ and ξ¯.)
3.4.2. Boundary Layer Solution
The boundary conditions on the inner solutions are A(0) = B(0) = C(0) = 0 and
A(+∞) = B(+∞) = C(+∞) = 1. Focusing on the boundary layer adjacent to z = +0.5,
(3.44)–(3.46) give, upon substitution of (3.47)–(3.49),
0 = 2µ (ψ¯xxA+ ψ¯ A
′′/δ2) + (2− (η¯z C − η¯ C′/δ)) ξ¯xB, (3.58)
0 = η¯zz C − 2η¯z C′/δ + η¯ C′′/δ2 − ψ¯xA ξ¯ B′/δ + ξ¯xB ψ¯ A′/δ, (3.59)
0 = ξ¯xxB + ξ¯ B
′′/δ2 − (2− (η¯z C − η¯ C′/δ))ψ¯xA, (3.60)
where a prime denotes d/dZ (e.g., A′ ≡ dA/dZ). Using the interior solutions (3.53) and
(3.55)–(3.57) and observing that η¯ → η¯o/2 as z → 0.5, the above equations become
0 =
√
2µ
[
−
(
pi
Γ
)2
A+
1
δ2
A′′
]
+
pi
Γ
[
2−
(
2− pi
Γ
√
2µ
)(
C − 1
2δ
C′
)]
B, (3.61)
0 =
(
2− pi
Γ
√
2µ
)[
−2
δ
C′ +
1
2δ2
C′′
]
+
pi
2Γ
ξ¯2o√
2µ
[
1
δ
AB′ +
1
δ
BA′
]
, (3.62)
0 =
√
2µ
[
−
(
pi
Γ
)2
B +
1
δ2
B′′
]
+
pi
Γ
[
2−
(
2− pi
Γ
√
2µ
)(
C − 1
2δ
C′
)]
A, (3.63)
where (3.62) has been averaged over x to eliminate the sin2 (pix/Γ ) and cos2 (pix/Γ )
terms.
To balance the leading order terms, we need to determine the boundary layer thickness
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δ as a function of a small parameter ǫ defined based on µ and Γ . We know that µ ≪ 1
to achieve the large Pe limit, although from the above equations it seems that
√
µ ≪ 1
may be a more appropriate parameter in this problem. Here we restrict our analysis to
Γ 6 1, because the numerical results of §3.3 showed that Γ > 1 does not maximize the
transport.
With µ≪ 1 and Γ 6 1 we define the small parameter
ǫ ≡ Γ
√
2µ
pi
, (3.64)
(where the constants are included to simplify the algebra), and recognize that we must
also consider the magnitude of
σ ≡ Γ/√µ. (3.65)
If Γ = O(1), then σ ≫ 1. The numerical results (figure 5) suggest that Γopt decreases
as Pe increases. Therefore, we should also allow for the possibility that Γ ≪ 1, implying
σ = O(1) or even σ ≪ 1. Close examination of (3.61)–(3.63) reveals that σ ≫ 1 and
σ = O(1) conveniently give the same balance and result in the same scaling for boundary
layer thickness. Therefore, one solution covers both limits. Additionally, the distinguished
limit σ = O(1) guarantees that the solution is uniformly valid in Γ . Here we focus on these
two limits. As demonstrated subsequently, the justification for excluding the scenario in
which σ ≪ 1 from our analysis is that Numax for a fixed value of Γ in the limit of large
Pe is obtained with σ ≫ 1, and that NuMAX for large Pe is achieved when σ = O(1);
see §§3.4.4–3.4.5.
Using definitions (3.64) and (3.65) in (3.61) and balancing the leading order terms
gives
A′′ +
(
1− pi
σ
√
2
)
BC′ = 0, (3.66)
upon identifying
δ = ǫ. (3.67)
Note that based on our restriction on σ, the term in the parentheses is O(1). The same
procedure applied to (3.63) produces
B′′ +
(
1− pi
σ
√
2
)
AC′ = 0, (3.68)
while equation (3.62) yields(
1− pi
σ
√
2
)
C′′ +
ξ¯2o
2
(AB′ +BA′) = 0. (3.69)
Integrating equation (3.69) we see that(
1− pi
σ
√
2
)
C′ = − ξ¯
2
o
2
(AB − 1), (3.70)
where the constant of integration is determined by C′ → 0 and A and B → 1 as Z →∞.
Substitution of (3.70) into (3.66) and (3.68) shows that A and B satisfy the same
equation. Since they also satisfy the same boundary conditions, we conclude A = B.
In fact, making the ansatz A = B = ρC renders (3.69) identical to (3.66) and (3.68)
upon setting the constant ρ = (1 − π/(σ√2))/ξ¯o. Making this ansatz, again noting that
C satisfies the same boundary conditions as do A and B (i.e., A(+∞) = B(+∞) =
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C(+∞) = 1), we conclude that A(Z) = B(Z) = C(Z) (i.e., ρ = 1). Therefore,
A′′ + ξ¯oAA
′ = 0, (3.71)
and
ξ¯o = 1− π
σ
√
2
≡ 1− pi
2Γ
√
2µ =
η¯o
2
. (3.72)
Equation (3.71) can be integrated, giving
A′ +
ξ¯o
2
A2 =
ξ¯o
2
, (3.73)
where again the constant of integration is determined from the boundary conditions
A′ → 0 and A→ 1 as Z →∞. The exact solution is
A(Z) =
1− exp(−ξ¯oZ)
1 + exp(−ξ¯oZ)
= tanh
[
ξ¯o
2
Z
]
. (3.74)
3.4.3. The Complete Solution: Matching
Including the bottom boundary layer and matching the three regions (the bulk and
the two boundary layers), the complete asymptotic approximation is
ψ(x, z) ∼ 1√
2µ
(
1− pi
2Γ
√
2µ
)
cos
(
pi
Γ
x
)
H(z), (3.75)
ξ(x, z) ∼
(
1− pi
2Γ
√
2µ
)
sin
(
pi
Γ
x
)
H(z), (3.76)
η(x, z) ∼ 2
(
1− pi
2Γ
√
2µ
)
z H(z), (3.77)
where
H(z) = A
(
0.5− z
δ
)
A
(
0.5 + z
δ
)
= tanh
[
pi
2
(
1− pi
2Γ
√
2µ
) (0.5− z)
Γ
√
2µ
]
tanh
[
pi
2
(
1− pi
2Γ
√
2µ
) (0.5 + z)
Γ
√
2µ
]
.(3.78)
Therefore, to leading order assuming that Γ
√
µ≪ 1 and Γ/√µ is finite or large,
u(x, z) ∼ 1√
2µ
(
1− pi
2Γ
√
2µ
)
cos
(
pi
Γ
x
)
H ′(z), (3.79)
w(x, z) ∼ 1√
2µ
(
pi
Γ
) (
1− pi
2Γ
√
2µ
)
sin
(
pi
Γ
x
)
H(z), (3.80)
θ(x, z) ∼ 1
2
(
1− pi
2Γ
√
2µ
) (
sin
(
pi
Γ
x
)
+ 2z
)
H(z). (3.81)
Many features of these asymptotic solutions are compared with the numerical results
in Hassanzadeh (2012, figures 2.8–2.9) revealing excellent agreement for Pe > O(1),
uniformly for a wide range of Γ .
We note here that the maximum principle requires |θ| 6 1. Consequently, in (3.81),
the first term in the parentheses, i.e., ξ¯o = η¯o/2 = 1− pi2Γ
√
2µ, has to be smaller than 1.
This analysis justifies discarding the other solution for η¯o in §3.4.1.
Asymptotic approximations for Pe and Numax can be calculated analytically from
18 P. Hassanzadeh, G. P. Chini and C. R. Doering
100 101 102 103 104 105 106
10−1
100
101
102
103
104
Pe
N
u
m
a
x
−
1
(a)
100 101 102 103 104 105 106
10−2
10−1
100
101
102
103
104
105
Pe
N
u
m
a
x
−
1
(b)
Figure 7. Numax from the numerical solutions (red circles), the small–Pe analytical solution
(3.31) (black dashed lines), and the large–Pe asymptotic solution (3.82)–(3.83) (blue solid lines)
for two cases: (a) Γ = 1 and (b) Γ = 0.2. The black squares show (3.88).
(3.79)–(3.81):
Pe ≡
√
〈u2 + w2〉 = 1
2
√
µ
(
1− pi
2Γ
√
2µ
) √∫ 0.5
−0.5
{(H ′)2 + (pi/Γ )2H2} dz, (3.82)
Numax ≡ 1 + 〈wθ〉 = 1 + 1
4
√
2µ
(
pi
Γ
)(
1− pi
2Γ
√
2µ
)2 ∫ 0.5
−0.5
H2dz. (3.83)
Because H(z) depends on µ and Γ , it is difficult to find an explicit expression for
Numax(Pe, Γ ). However, (3.82) and (3.83) can be easily evaluated numerically for a given
pair of (µ, Γ ). Figure 7 compares the values of Numax(Pe, Γ ) from the numerical solu-
tions with the values given by (3.82) and (3.83) for Γ = 0.2 and 1. The numerical and
analytical results agree well, even for relatively small values of Pe, suggesting that the
higher-order terms may be transcendentally small in ǫ.†
3.4.4. Numax(Pe, Γ ): ǫ≪ 1 and σ ≫ 1 Limit
In the limit of relatively small ǫ ≡ Γ√2µ/pi, the integrals in (3.82) and (3.83) are
approximately ∫ 0.5
−0.5
H2dz ≈ 1−
[
4ǫ
1− pi
σ
√
2
]
, (3.84)
∫ 0.5
−0.5
(H ′)2dz ≈ 2
3
[
1− pi
σ
√
2
ǫ
]
, (3.85)
as has been confirmed numerically (again, recall that σ ≡ Γ/√µ is not small compared
to 1). Consider (3.82) and (3.83) in the limit of vanishing µ and fixed Γ , i.e., ǫ≪ 1 and
σ ≫ 1. In this limit, (3.84) and (3.85) further simplify to 1 and 2/(3ǫ), respectively. Then
† The numerically inspired ansatzen ψ = a(z) cos (pix/Γ ), ξ = b(z) sin (pix/Γ ), and η = c(z)
separate equations (3.44)–(3.46) into ODEs for a(z), b(z), and c(z) without approximation. The
exact solutions of those ODEs involve elliptic functions which are well known to be exponentially
accurately approximated by products of tanh functions.
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(3.82) and (3.83) yield
Pe =
1√
2ǫ
√√
2
3pi
σ, (3.86)
Numax = 1 +
1
4ǫ
. (3.87)
Solving (3.86) for µ and substituting into (3.87) yields Numax(Pe, Γ ) as
Numax = 1 +
1
4
[
3pi2
Γ 2
]1/3
Pe2/3. (3.88)
The accuracy of this approximation is demonstrated in figure 7 for Γ = 0.2 and 1.
Equation (3.88) gives Numax as a function of Pe for a fixed value of Γ , which is
not the same as NuMAX, i.e., the maximum achievable Numax at that Pe. Determining
NuMAX(Pe) requires letting Γ shrink as Pe increases, as analyzed next.
3.4.5. NuMAX(Pe): ǫ≪ 1 and σ = O(1) Limit
Here we examine the limit
√
µ ≪ 1 and Γ ≪ 1 when their ratio is finite. Physically
this means that we allow the cells to narrow as Pe increases. It is in this distinguished
limit that NuMAX for a given Pe, i.e., the optimal transport for a given amount of energy,
is achieved.
In this limit, (3.84) again reduces to 1, but (3.85) cannot be further simplified. Using
these approximations for the integrals in (3.82)–(3.83) implies
Pe =
1√
2ǫ
(
1− pi
σ
√
2
)√
2
3
+
√
2
3pi
σ, (3.89)
Numax − 1 = 1
4ǫ
(
1− pi
σ
√
2
)2
. (3.90)
Dividing (3.90) by (3.89) to eliminate ǫ yields
Numax − 1
Pe
=
1
2
√
2
(
1− pi
σ
√
2
)
√
2
3
+
√
2
3pi
σ
, (3.91)
which is maximized at
σopt ≡ Γopt√
µ
= 2
√
2pi ≈ 8.885766. (3.92)
This calculation thus gives the optimal aspect ratio Γopt that maximizes Numax at a
given µ. Using σ = σopt in (3.91) gives NuMAX(Pe):
NuMAX = 1 + 0.1875Pe. (3.93)
Figure 5 shows that (3.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (3.89) and (3.92) determines Γopt(Pe), the optimal cell aspect
ratio at a given Pe:
Γopt = 3.8476 Pe
−1/2. (3.94)
Thinner cells produce the maximum transport as the Pe´clet number increases.
20 P. Hassanzadeh, G. P. Chini and C. R. Doering
3.5. Example: Application to Porous Media Convection
We now show how Rayleigh–Be´nard convection in a fluid-saturated porous layer is an
example of transport with fixed energy in order to expressNumax andNuMAX as functions
of the Rayleigh number Ra and compare the optimal transport bounds with the results
of previous analytical and numerical investigations.
Rayleigh–Be´nard convection in a fluid-saturated porous layer heated from below and
cooled from above is often modeled by the system
∇ · v = 0, (3.95)
1
Pr
(v˙ + v · ∇v) + v = −∇p+ Ra T zˆ, (3.96)
T˙ + v · ∇T = ∆T, (3.97)
with the same boundary conditions as have been used in the preceding sections: T |z=0 =
1, T |z=1 = 0, and zˆ ·v|z=0 = zˆ ·v|z=1 = 0. In this system Pr is the Prandtl–Darcy number
and Ra is the Rayleigh number (see, e.g., Doering & Constantin (1998) and references
therein for more details).
Taking the inner product of (3.96) with v and averaging over long times and over the
spatial domain with impermeable walls yields〈|v|2〉 = Ra 〈wT 〉 . (3.98)
The transient term vanishes owing to the long-time averaging (when the kinetic energy
is o(t) as t → ∞) and the nonlinear and pressure terms vanish because of the spatial
integration. Then using the definition of Pe for fixed energy problems (2.13) and with
Nu given by (2.15) from §2 we identify
Pe2 = Ra (Nu − 1). (3.99)
The Nusselt number Nu, when calculated by long-time averaging, is solely a function
of Ra and the domain aspect-ratio Γ (and possibly initial data). Consequently, in steady
and statistically-steady flows equation (3.99) shows that the time-averaged Pe´clet number
is fixed for given values of Γ and Ra (and possibly initial data)—note that Ra depends
on the fluid properties and the imposed temperature difference between the walls, not
on the flow. Therefore, steady convection in porous media occurs with ‘fixed’ energy.
Employing (3.99), Pe can be replaced with Ra in (3.88) and (3.93)–(3.94) so that
Numax(Ra, Γ ) = 1 +
√
3pi
8Γ
Ra1/2, (3.100)
NuMAX(Ra) = 1 + 0.0352Ra, (3.101)
Γopt = 8.89Ra
−1/2. (3.102)
Interestingly, Γ ∼ Ra−1/2 is the scaling of the shortest-wavelength unstable mode about
the conduction solution in porous media convection.
Table 1 compares the optimal (steady) transport derived here with pertinent results ob-
tained using other methods. The classical argument of Malkus (1954) and Howard (1964)
based on the marginal stability of the boundary layer predicts Nu ∼ Ra for Rayleigh–
Be´nard convection in a fluid saturated porous layer (Horne & O’Sullivan 1978). The back-
ground method—which, we note, does not enforce the full advection-diffusion equation for
the temperature—also implies an upper bound on Nu that scales linearly with Ra. The
prefactors in the upper bound have been improved over the years (Doering & Constantin
1998; Otero et al. 2004; Wen et al. 2012).
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Nu(Ra) Γ (Ra) Nu(Ra, Γfixed)
Boundary layer stability argument
Malkus (1954); Howard (1964); and
Horne & O’Sullivan (1978) ∼ C Ra
Background method (upper bounds)
Doering & Constantin (1998) 6 0.035Ra
Otero et al. (2004) 6 0.029Ra
Wen et al. (2012) . 0.017Ra
Unsteady simulations (DNS)
Otero et al. (2004): Ra 6 104 ∼ C Ra0.9
Hewitt et al. (2012): Ra 6 4× 104 ∼ 0.007Ra ∼ C Ra−0.4
Steady unicellular analysis
Fowler (1997) ∼ C(Γ )Ra1/3
Corson (2011) ∼ C Ra2/3 ∼ C Ra−1/2 ∼ C(Γ )Ra1/3
Current work
Numerical and asymptotic analyses 6 1 + 0.035Ra ∼ 8.89Ra−1/2 6 1 + 0.68
Γ
Ra1/2
Table 1. Comparison of the results of the current work with the scalings for porous media
convection obtained using various other methods.
We emphasize that in this work (3.95) and the steady version of (3.97) were solved for
one cell, but the momentum equation (3.96) was not imposed. Related analysis of steady
cellular flows of the full Rayleigh-Be´nard system was done recently by Corson (2011)
who used numerical continuation in a single convection cell to solve the steady version
of (3.95)–(3.97) in the limit of infinite Prandtl–Darcy number, finding Nu ∼ Ra2/3 and
Γ ∼ Ra−1/2. Furthermore, Corson (2011) showed that Nu scales as Ra1/3 for steady
convection when the cell size Γ is fixed. Comparing these scalings with those obtained
in the current work shows that steady convection in porous media does not transport as
much heat as is possible by a steady flow with the same energy.
On the other hand the latest 2D direct numerical simulations (DNS) of infinite Prandtl–
Darcy number Rayleigh–Be´nard convection in a porous layer, for Ra as high as 4× 104,
show that Nu ∼ Ra for “turbulent” flows and that the emergent cells that form in the bulk
have an aspect ratio that scales approximately as Ra−0.4 (Hewitt et al. 2012). Comparing
the steady (Corson 2011) and unsteady (Hewitt et al. 2012) solutions of (3.95)–(3.97),
it is evident that unsteadiness enhances the transport. The maximum possible steady
transport scales linearly with Ra which, perhaps curiously, coincides with the unsteady
results. However, the unsteady transport is around 5 times smaller than the maximum
possible steady transport at a given Ra (current work), and the convection cells of the
unsteady flow are wider than the optimal cells with aspect ratio Γopt (see Table 1). A
recent investigation, for example, suggests that cells with aspect ratio smaller than Γ
where Γ ∼ Ra−5/14 are dynamically unstable at high Ra (Hewitt et al. 2013) which
might explain the wider cells and (slightly) less-than-optimal transport observed in the
direct numerical simulations of unsteady flows.
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4. Optimal Transport with Fixed Enstrophy
In the second version of the optimal transport problem we investigate steady flows
with fixed enstrophy. Then equations (2.8)–(2.11) and (2.14) become
v · ∇θ = ∆θ + w, (4.1)
∇ · v = 0, (4.2)
Pe2 =
〈|∇v|2〉 , (4.3)
θ(x, 0) = θ(x, 1) = 0, (4.4)
w(x, 0) = w(x, 1) = 0. (4.5)
Exactly as for the fixed-energy problem, simple analysis gives an a priori upper bound
on Nu. Starting from (2.15),
Nu = 1 + 〈wT 〉 = 1 + 〈w(T − 1/2)〉
6 1 +
〈
w2
〉1/2 〈
(T − 1/2)2〉1/2
6 1 +
〈|∇w|2〉1/2
2pi
6 1 +
〈|∇v|2〉1/2
2pi
= 1 +
Pe
2pi
, (4.6)
where as before, incompressibility and the Cauchy–Schwarz inequality were used in the
first line and the maximum principle for the temperature was invoked to deduce the first
expression in the second line. Poincare´’s inequality (
〈
(∂w/∂z)2
〉
> π2
〈
w2
〉
) was then
applied to derive the second term on the second line and (4.3) used to obtain the final
result. As will be seen, this upper bound is much too high for this problem.
4.1. Variational Formulation for Steady Flows
The variational formulation of the fixed-enstrophy problem involves maximizing Nu with
constraints (4.1)–(4.3) and boundary conditions (4.4)–(4.5). The relevant functional is
F =
〈
wθ − φ(x, z) (v · ∇θ −∆θ − w) + p(x, z) (∇ · v) + µ
2
(|∇v|2 − Pe2)〉 , (4.7)
where again, φ(x, z), p(x, z), and µ are Lagrange multipliers. The Euler–Lagrange equa-
tions are
0 =
δF
δv
= (θ + φ) zˆ + θ∇φ−∇p+ µ∆v, (4.8)
0 =
δF
δθ
= v · ∇φ+∆φ+ w, (4.9)
0 =
δF
δφ
= −v · ∇θ +∆θ + w, (4.10)
0 =
δF
δp
=∇ · v, (4.11)
0 =
∂F
∂µ
=
1
2
(〈|∇v|2〉− Pe2) , (4.12)
where φ vanishes at z = 0 and z = 1. To eliminate the surface term coming from
∇ · (v∇v) we can use either the stress-free (∂u/∂z = 0) or no-slip (u = 0) boundary
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conditions at z = 0 and z = 1. Therefore, the full set of boundary conditions is
w(x, 0) = w(x, 1) = 0, (4.13)
θ(x, 0) = θ(x, 1) = 0, (4.14)
φ(x, 0) = φ(x, 1) = 0, (4.15)
together with either
u(x, 0) = u(x, 1) = 0 (no-slip) (4.16)
or
∂u
∂z
∣∣∣∣
z=0
=
∂u
∂z
∣∣∣∣
z=1
= 0 (stress-free). (4.17)
In the following, we restrict attention to the stress-free boundary condition (4.17), leaving
the no-slip problem for future work.
4.2. The Limit of Small Pe: Asymptotic Solution
In the limit of small Pe when |v| ≪ 1 we can linearize the Euler–Lagrange equations:
− µ∆v +∇p = (θ + φ)zˆ, (4.18)
∆φ+ w = 0, (4.19)
∆θ + w = 0, (4.20)
∇ · v = 0. (4.21)
Subtracting (4.20) from (4.19) and using (4.14)–(4.15) establishes that θ = φ in the
small–Pe regime. Then eliminating p from (4.18) results in
− µ∆∆w = θxx + φxx = 2 θxx, (4.22)
which along with equations (4.20)–(4.21) and boundary conditions (4.13)–(4.14) and
(4.17) can be solved analytically to find (v,θ) in this small–Pe limit. Following the same
procedure and notation as used in §3.2 (see Appendix B), we obtain
Nu = 1 +
k2
(m2pi2 + k2)3
Pe2, (4.23)
which, for given values of Pe and Γ = pi/k, is maximized at m = 1. As a result, using
the notation defined in §2.1,
Numax(Pe, Γ ) = 1 +
Γ 4
pi4(Γ 2 + 1)3
Pe2. (4.24)
The largest value of Numax(Pe, Γ ) is achieved at Γopt =
√
2:
NuMAX(Pe) = 1 +
Pe2
(27pi4/4)
. (4.25)
Maximum transport in the limit of small Pe is achieved by an array of cells with aspect
ratio Γopt =
√
2 (see Hassanzadeh 2012, figure 3.1). This flow resembles Rayleigh–Be´nard
convection in a pure fluid layer (with stress-free boundary conditions) at the onset of
linear instability (Drazin & Reid 2004). The factor 27pi4/4 in (4.25) is, in fact, precisely
the critical Ra of the instability.
24 P. Hassanzadeh, G. P. Chini and C. R. Doering
4.3. Small to Large Pe: Numerical Solution
Following the same steps as in the fixed-energy case, and using ω = ∆ψ, (4.8)–(4.11)
simplify to
J(θ, φ)− µ∆ω + (θ + φ)x = 0, (4.26)
∆ψ − ω = 0, (4.27)
−J(ψ, θ)−∆θ + ψx = 0, (4.28)
−J(ψ, φ) + ∆φ− ψx = 0, (4.29)
and boundary conditions (4.13)–(4.15) and (4.17) become
ψ(x, 0) = ψ(x, 1) = 0, (4.30)
ω(x, 0) = ω(x, 1) = 0, (4.31)
θ(x, 0) = θ(x, 1) = 0, (4.32)
φ(x, 0) = φ(x, 1) = 0, (4.33)
where ω has been introduced to avoid the occurrence of fourth order derivatives and to
simplify the implementation of boundary conditions.
Using the same continuation algorithm as given in §3.3.1, and following the steps
described in §3.3.2 and Appendix A, equations (4.26)–(4.29) become

µ∆ −I O O
O µ∆ −(I + φNz )Dx + φNx Dz −(I − θNz )Dx − θNx Dz
−(I − θNz )Dx − θNx Dz O ∆−ψNz Dx +ψNx Dz O
−(I + φNz )Dx + φNx Dz O O ∆+ψNz Dx −ψNx Dz




δψ
δω
δθ
δφ


=


−∆ψN + ωN
−µ∆ωN + (I + φNz )θNx + (I − θNz )φNx
−∆θN + (I − θNz )ψNx +ψNz θNx
−∆φN + (I + φNz )ψNx −ψNz φNx

 (4.34)
The details of the matrix algebra and boundary condition implementation are the same
as before (see §3.3.2). The results presented here were obtained using M = 61 or 81. As
before, the iterative solution always converged in less than 6 iterations.
4.3.1. Numerical Results
Figure 8 shows ψ and θ for the case with Γ =
√
2/pi3 for low to high values of Pe.
Numax increases with Pe, and the flow structure changes. The enhancement of the heat
transport is associated with the development of the boundary layers: the boundary layers
thin as Pe increases and result in larger Numax. However, in contrast to the fixed-energy
problem a (re)circulation zone emerges between the boundary layers and the bulk at
large values of Pe.
The high-Pe circulation zone complicates the flow structure for ξ and η as well. Figure 9
shows (ψ, θ, φ, ξ, η) for Γ =
√
2/pi2 in the limit of large Pe. (The small scale wiggles in
the level sets are due in part to insufficient plotting resolution.) The optimal flow field for
the fixed enstrophy problem is thus more complicated than the optimal flow field for the
fixed energy problem, mainly due to the presence of the circulation zone. Nevertheless,
the bulk flows in the two problems are similar: ψ and ξ are nearly independent of z and
have a single mode dependence on x. η appears to be linear in z as before and nearly
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Figure 8. Evolution of the flow field with Pe for the case with Γ =
√
2/pi3. Panels on the
left show ψ and panels on the right show θ (only the upper half of the domain is shown for
better illustration of the circulation zone). (a) and (b) Pe = 4889.1, Numax = 1.98; (c) and (d)
Pe = 3.97 × 104, Numax = 40.1; (e) and (f) Pe = 1.43 × 105, Numax = 175.6. The resolution is
812.
x–independent. Appendix C presents the interior solution for this problem:
ξ¯ = ±ξ¯o sin (pi x/Γ ), (4.35)
η¯o = 2−
(
pi
Γ
)2 √
2µ, (4.36)
ψ¯ =
±ξ¯o
(pi/Γ )
√
2µ
cos (pi x/Γ ), (4.37)
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Figure 9. Flow field for Γ =
√
2/pi2, µ = 4.83 × 10−8, Pe = 3.57 × 104, and Numax = 103.3.7.
Only the upper half of the domain is shown for better illustration of the circulation zone. (a) ψ,
(b) ψ along x = 0, (c) θ, (d) φ, (e) ξ ≡ θ + φ, and (f) η ≡ θ − φ. The resolution is 612.
which agrees with the numerical results. This solution is determined up to an unknown
constant ξ¯o that should be determinable from the boundary layer solution, but owing
to the complexity of this flow we have not yet succeeded in solving the boundary layer
equations to complete the required matched asymptotic analysis.
In the absence of an analytical solution we use the numerical results to find Numax(Pe, Γ )
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Figure 10. The numerically obtained Numax as a function of Pe for various values of Γ (blue
and red lines). The labels show (Γ ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (4.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (4.6), and the thick black dashed line shows a fit to
the envelope (i.e., NuMAX; see equation (4.39)). The thin black dashed line indicates the Pe
1/2
slope. All numerical results were obtained by continuing the linear solutions with m = 1, and
all results shown here have resolution M = 61. Using a higher resolution M = 81 results in
negligible changes to the plot.
and NuMAX(Pe). Figure 10 is a plot of the numerically calculated Numax(Pe, Γ ) for sev-
eral values of Γ . Several conclusions drawn from the results presented in figure 5 also
hold for the fixed-enstrophy problem: Numax agrees with (4.24) in the limit of small Pe
(benchmarking the code), and the absolute upper bound (4.6) quantitatively overesti-
mates transport albeit in the Pe´clet number scaling in this case. For fixed Γ and large
Pe, we observe that
Numax(Pe, Γ ) = 1 +K(Γ )Pe
1/2, (4.38)
where K(Γ ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives
NuMAX(Pe) = 1 + 0.2175Pe
0.58. (4.39)
For reasons that will become clear in the next subsection immediately below, we con-
jecture that the measured exponent 0.58 in (4.39) is really 10/17 = 0.5882 . . . for large
values of Pe.
More data points in Γ , especially for smaller Γ , are needed to determine Γopt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701 − 4.1 × 104, however, we obtain estimates −0.361 and −0.358 for the exponent of
Pe in the scaling of Γopt(Pe). For the same reasons alluded to above (that will becomes
clear below) we conjecture that this exponent is really 6/17 = .3529 . . . for large Pe.
4.4. Example: Application to Rayleigh–Be´nard Convection
Classical Rayleigh–Be´nard convection in a layer of pure fluid heated from below and
cooled from above is, at least in the steady case, an example of transport with fixed
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enstrophy. Rayleigh (1916) modeled this problem with the Boussinesq equations
∇ · v = 0, (4.40)
1
Pr
(v˙ + v · ∇v) = −∇p+∆v + Ra T zˆ, (4.41)
T˙ + v · ∇T = ∆T, (4.42)
where Pr is the Prandtl number. Taking the inner product of (4.41) with v and integrat-
ing over long time and over a domain with impermeable walls yields
0 = − 〈|∇v|2〉+ Ra 〈wT 〉 . (4.43)
Using the definition (2.14) of Pe for fixed enstrophy problems and the definition (2.15)
of Nu from §2,
Pe2 = Ra (Nu − 1). (4.44)
The Nusselt number Nu is a function of Ra and aspect-ratio Γ and as a result Pe is
fixed for given values of these parameters. (As before the control parameter Ra depends
on the fluid properties and the imposed temperature difference between the walls, but
not on the flow.) Hence, steady Rayleigh–Be´nard convection in a pure fluid layer occurs
with fixed enstrophy.
Employing (4.44) to replace Pe with Ra in (4.38) and (4.39), the bounds are
Numax(Ra, Γ ) = 1 + (K(Γ ))
4/3Ra1/3, (4.45)
NuMAX(Ra) = 1 + 0.1152Ra
5/12. (4.46)
Furthermore, using the rather crude estimates for the exponent of Pe in Γopt(Pe) gives
Γopt(Ra) ∼ Ra−0.2546. (4.47)
Interestingly, Γ ∼ k−1 ∼ Ra−0.25 is the scaling of the shortest-wavelength unstable
mode for Rayleigh–Be´nard convection in pure fluids with stress-free boundaries, which
corresponds to the conjecture that Γopt(Pe) ∼ Pe−6/17.
Table 2 compares the bounds discovered here with the results of other analyses of
Rayleigh–Be´nard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ∼ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption
that transport is limited by the ballistic motions across the bulk (see also Kraichnan
(1962)) suggests that Nu ∼ (Pr Ra)1/2. While both of these arguments are independent
of the spatial dimension and velocity boundary conditions, Whitehead & Doering (2011,
2012) recently used the background method to prove that Nu . Ra5/12 uniformly in
Pr for stress-free boundaries for steady or unsteady two-dimensional Rayleigh–Be´nard
convection (see also Otero (2002)) and for three-dimensional Rayleigh–Be´nard convection
between stress-free boundaries at infinite Pr (see also Ierley et al. (2006)).
As for the fixed-energy problem, NuMAX(Ra) obtained using the approach adopted in
this paper has the same scaling in Ra as the upper bounds obtained using the background
method. For fixed Γ , Chini & Cox (2009) analyzed steady unicellular Rayleigh–Be´nard
convection and found that Nu ∼ Ra1/3 in agreement with the scaling of Numax(Ra, Γ )
with Ra observed here. This agreement suggests that steady Rayleigh–Be´nard convection
in pure fluids in a cell of fixed aspect ratio (and with stress-free boundaries) transports as
much, e.g., heat as any steady flow with a given amount of enstrophy, modulo prefactor.
Wall to Wall Optimal Transport 29
Nu(Ra,Pr) Nu(Ra, Γfixed)
Classical theories
Malkus (1954); Howard (1964) ∼ C Ra1/3
Spiegel (1962); Kraichnan (1962) ∼ C (Pr Ra)1/2
Background method (upper bounds)
Ierley et al. (2006): numerical, infinite Pr 6 C Ra5/12
Otero (2002): 2D numerical, finite Pr 6 0.142Ra5/12
Whitehead & Doering (2011): 6 0.289Ra5/12
analytical, 2D finite Pr and 3D infinite Pr
Steady unicellular analysis
Chini & Cox (2009): asymptotic, finite Pr ∼ C(Γ )Ra1/3
Current work
Numerical 6 1 + 0.115Ra5/12 6 1 + (K(Γ ))4/3Ra1/3
Table 2. Comparison of the results of the current work with the scalings for Rayleigh–Be´nard
convection in pure fluids with stress-free boundary conditions obtained using various other
methods.
5. Summary and Discussions
In this work we have addressed some fundamental problems in fluid mechanics, namely
how much heat can be transported between impermeable fixed-temperature walls by
steady incompressible flows with a given amount of kinetic energy or enstrophy, and
what the optimal flows look like. We employed the calculus of variations to find flows
that maximize the heat transport between the walls, answering the above questions for
steady 2D flows with, in the fixed-enstrophy case, stress-free walls. For small energy or
enstrophy, the resulting nonlinear Euler–Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
energy or enstrophy budgets we solved the Euler–Lagrange equations using numerical
continuation in a cell of a given aspect ratio Γ . For the problem with fixed kinetic energy
we were able to exploit the symmetries in the optimal flow to analytically solve the fully
nonlinear equations using matched asymptotic analysis. The analytical and numerical
results agree remarkably well. Our results are presented in terms of the Nusselt number
Nu and Pe´clect number Pe. We found that NuMAX ∼ Pe for the fixed energy problem
and NuMAX ∼ Pe10/17 when the enstrophy is specified.
For each of the two primary flow-intensity constraints we have observed that there is
a classical buoyancy-driven flow that satisfies the given constraint. We have thus inter-
preted our results in terms of Rayleigh number Ra to see how the optimal transport com-
pares with available upper bounds for Rayleigh–Be´nard convection. In porous medium
convection, which occurs at (mean) energy fixed by Nu and Ra, we found NuMAX ∼ Ra
and Γopt ∼ Ra−1/2. For Rayleigh–Be´nard convection in pure fluids, an example of
fixed (mean) enstrophy transport, we found NuMAX ∼ Ra5/12 and Γopt ∼ Ra−1/4. The
Rayleigh number scaling of the bounds on Nu agree with bounds derived by other meth-
ods for both problems, and also agree with the scaling found in the direct numerical simu-
lations of porous media convection in the high–Ra regime. Interestingly, for both problems
the scalings of Γopt(Ra) found here agree with the scalings of the shortest-wavelength
unstable mode about the linear conduction profile (see also Wen et al. (2012)).
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The results presented here offer new insights into steady optimal transport in two spa-
tial dimensions, but several lines of research remain to be pursued to complete our under-
standing of the limits on fluid dynamical transport between impermeable walls. For ex-
ample, the fixed enstrophy problem with no-slip boundary conditions is more challenging
but of greater applicability for many applications and for laboratory experiments. Indeed,
the best known rigorous bounds for arbitrary Prandtl number Rayleigh–Be´nard convec-
tion between no-slip boundaries is Nu . Ra1/2 (Howard (1963); Doering & Constantin
(1996); Plasting & Kerswell (2003)) corresponding to Nu ∼ Pe2/3, but we do not know
if this estimate is sharp. Note that 2/3 > 10/17 which leaves open the possibility that
flow between no-slip boundaries may transport more than flow between stress-free walls
at the same bulk enstrophy level. It is also natural to wonder if optimal transport in
three dimensions takes place by three-dimensional flows. Finally, it is necessary to deter-
mine the true optimal transport is realized by time-dependent, rather than steady, flows.
Unsteady optimal transport can be framed in the language of optimal control theory
producing new challenges for both analysis and computational investigations.
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Appendix A. Equations for Newton-Kantorovich Iteration Scheme
First we rewrite equations (3.33)–(3.35) as
∆ψ = F(θx, θz, φx, φz), (A 1)
∆θ = G(ψx, ψz, θx, θz), (A 2)
∆φ = Q(ψx, ψz , φx, φz), (A 3)
where
F =
1
µ
(−(1 + φz)θx + (θz − 1)φx) , (A 4)
G = (1− θz)ψx + ψzθx, (A 5)
Q = (1 + φz)ψx − ψzφx. (A 6)
Taylor expanding the nonlinear terms F, G, and Q about the solution of the Nth iteration
gives
∆ψN+1 = FN + δθx F
N
θx + δθz F
N
θz + δφx F
N
φx + δφz F
N
φz + h.o.t, (A 7)
∆θN+1 = GN + δψxG
N
ψx + δψz G
N
ψz + δθxG
N
θx + δθz G
N
θz + h.o.t, (A 8)
∆φN+1 = QN + δψxQ
N
ψx + δψz Q
N
ψz + δφx Q
N
φx + δφz Q
N
φz + h.o.t, (A 9)
where the subscripts in F, G, and Q denote the Frechet derivatives (e.g., Fψx ≡ ∂F/∂ψx)
and the superscript N means evaluated at iteration N . The “δ” of any quantity is the
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difference between its value at iterations N + 1 and N (e.g., δψ ≡ ψN+1 − ψN ). The
higher-order terms (h.o.t) are O((δ(·))2) or smaller.
Calculating the Frechet derivatives and ignoring the higher-order terms, equations (A 7)–
(A 9) become
µ∆δψ + (1 + φNz ) δθx − φNx δθz + (1− θNz ) δφx + θNx δφz =
−µ∆ψN − [(1 + φNz )θNx + (1− θNz )φNx ] , (A 10)
∆δθ − ψNz δθx + ψNx δθz − (1− θNz ) δψx − θNx δψz =
−∆θN + (1− θNz )ψNx + ψNz θNx , (A 11)
∆δφ− (1 + φNz ) δψx + φNx δψz + ψNz δφx − ψNx δφz =
−∆φN + (1 + φNz )ψNx − ψNz φNx . (A 12)
Appendix B. Small–Pe Solution for the Fixed Enstrophy Problem
A Fourier transform of equations (4.20) and (4.22) in the x direction yields
(D2z − k2) θˆk(z) + wˆk(z) = 0, (B 1)
−µ(D2z − k2)2 wˆk(z) + 2k2 θˆk(z) = 0, (B 2)
with solutions of the form
wˆk(z) = Ak sin (mpiz), (B 3)
θˆk(z) = Bk sin (mpiz). (B 4)
Substitution into (B 1) and (B 2) gives
µ = (2 k2)/(m2pi2 + k2)3, (B 5)
Ak = (m
2
pi
2 + k2)Bk. (B 6)
Then equation (4.21) yields
uˆk(z) = i
mpi
k
Ak cos (mpiz). (B 7)
Substituting (B 7) and (B 3) into (4.12) gives〈|∇v|2〉 = 1
k2
(
m2pi2 + k2
)2
A2k = Pe
2 ⇒ Ak = k
(m2pi2 + k2)
Pe, (B 8)
which, combined with (B 6), yields
Bk =
k
(m2pi2 + k2)2
Pe. (B 9)
The Nusselt number follows from (2.15):
Nu = 1+ AkBk = 1 +
k2
(m2pi2 + k2)3
Pe2. (B 10)
Appendix C. Interior Solution for the Fixed Enstrophy Problem
Equations (4.26)–(4.29) can be written in terms of (ψ, ξ, η)
− J(ξ, η)− 2µ∆2ψ + 2ξx = 0, (C 1)
J(ψ, ξ) + ∆η = 0, (C 2)
J(ψ, η) + ∆ξ − 2ψx = 0, (C 3)
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which except for −2µ∆2 instead of +2µ∆ are the same as (3.44)–(3.46). However, the
higher derivative is expected to result in significant differences between the two problems.
The numerical results suggest
ψ = ψ¯(x) A(x, z), (C 4)
ξ = ξ¯(x) B(x, z), (C 5)
η = η¯(z) C(x, z), (C 6)
where (ψ¯, ξ¯, η¯) constitute the outer solution.
Using (ψ¯(x),ξ¯(x),η¯(z)) in (C 1)–(C 3) gives
2µ ψ¯xxxx − (2− η¯z) ξ¯x = 0, (C 7)
η¯zz = 0, (C 8)
ξ¯xx − (2− η¯z)ψ¯x = 0, (C 9)
which again implies that
η¯(z) = η¯o z, (C 10)
where η¯o is an unknown constant. Eliminating ψ¯ between (C 7) and (C 9) yields
ξ¯xxxxx −
(
η¯o − 2√
2µ
)2
ξ¯x = 0. (C 11)
Given the periodicity of 2Γ in x, and ξx(±Γ/2, z) = 0, this implies
ξ¯ = ±ξ¯o sin (pix/Γ ), (C 12)
η¯o = 2−
(
pi
Γ
)2 √
2µ, (C 13)
where ξ¯o > 0 is an unknown constant. Notice the difference between (C 13) and (3.56).
Equation (C 9) yields
ψ¯ =
±ξ¯o
(pi/Γ )
√
2µ
cos (pix/Γ ). (C 14)
As before, the interior flow field (i.e., the outer solution) is known up to an unknown
constant ξ¯o, which is to be determined using the inner solution.
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